Introduction
In applications such as thermoelectrics and power electronics, the lattice thermal conductivity ( L ) plays a critical role in the material's performance. [1] [2] [3] [4] [5] [6] [7] [8] While materials with high thermal conductivity are desirable for power electronic and solid-state lighting, low thermal conductivity materials are attractive for thermoelectrics and thermal barrier coatings. Methods to both enhance and suppress thermal conductivity of materials have been extensively explored. [9] [10] [11] Examples include single-crystal growth 12 and synthesis of low-dimensional structures 13 for high thermal conductivity, and nano-structuring 14 and alloying 15 for low thermal conductivity.
In the computationally-driven searches for novel materials with high or low thermal conductivity, calculations typically fall within one of the two approaches: (1) direct ab initio calculations of phonon-phonon scattering rates and associated relaxation times followed by solving the Boltzmann transport equation for phonons, [16] [17] [18] [19] or (2) high-throughput computations which utilize semi-empirical or statistical-learning models. 10, 20 Ab initio calculations of thermal conductivity which go beyond the relaxation time approximation must account for all sources of phonon scattering in order to solve the Boltzmann transport equation for phonons. [21] [22] [23] [24] [25] [26] [27] [28] Historically, the complexity of such calculations has limited computations to only a handful of materials at a time. While computational e ciency has improved to the point where such methods can now be applied to larger number of materials, the prediction accuracy is still on the order of 50%. 3, 10 In contrast, high-throughput methods reduce computational complexity by utilizing experimental data and employing assumptions about scattering to rapidly screen large databases of materials for desired properties. 1, 3, 4, 10, 20, [29] [30] [31] [32] A common tool in high-throughut computation, semi-empirical models maintain overall physical relationships while using experimental data to find best fit solutions. The advantage of semi-empirical models is that they can often achieve near the same level of accuracy as ab initio models at a fraction of the computational cost, making them more suitable to high-throughput screening. 4 The materials science community has been increasinly interested in single-crytal and textured polycrystalline materials with anisotropic transport. For instance, in thermoelectrics, even though materials are typically synthesized as bulk polycrystalline samples (where transport anisotropy is averaged out), anisotropy in grain orientations and in electronic and phonon transport has been shown to enhance thermoelectric performance. 14, 27, 33, 34 Moreover, materials that are inherently anisotropic, such as 2D materials created by exfoliation of bulk layered materials, have demonstrated remarkable properties and utility in thin-film applications.
35-42
Many compounds, particularly those with layered structures, are known to exhibit large anisotropy in thermal conductivity e.g. in-plane vs. out-of-place for layered structures.
12,28,43-56
Transition metal dichalcogenides such as MoS 2 and WS 2 have in-plane and out-of-plane  L that di↵er by more than an order of magnitude. 56, 57 SnSe, one of the highest zT thermoelectric materials, has an extremly low overall thermal conductivity, but due to the layered structure exhibits  L ⇠1.5x lower in the out-of-plane direction compared to in-plane.
26,58,59
We show experimentally measured values of anisotropic lattice thermal conductivity from the literature in Fig.1 , which highlights the range of  L anisotropy in materials .
12,28,43-56
The data in Fig. 1 emphasize the need to consider anisotropy in a lattice thermal conductivity model to properly account for directional variation of  L in materials like MoS 2 , WS 2 , and graphite. 55, 60 Direct calculation of anisotropic  L is possible with ab initio methods for computing phonon-phonon scattering relaxation times. 53, 61 However, such methods are not amenable to high-throughput computation of large material sets. There exists a need for a simple, computationally-tractable model to predict the direction-dependent  L that can applied in high-throughput assessment of a large number of materials.
We have previously developed a semi-empirical, isotropic model for  L ; 4 the predictive power of this model is at par with accurate but computationally-expensive ab initio methods. 3 While still useful, the isotropic, semi-empirical model does not provide the detailed direction-dependent  L that is needed to understand thermal transport in anisotropic materi- 
Our previous model treats acoustic and optical phonon contributions separately since there is a fundamental di↵erence in group velocity between the two. The acoustic phonon contribution to  L is calculated using the Callaway model by assuming the high temperature limit for the Debye heat capacity, Umklapp scattering as the dominant scattering mechanism, and approximating the group velocity with the speed of sound. The integration is carried out to a maximum frequency, high temperature limit to the heat capacity. 68 Combining the acoustic and optical phonon contributions yields a semi-empirical model for  L which combines quantities that can be obtained from density functional theory (DFT) with parameters fit to yield the smallest error with experimental values.
The prefactor A 1 and the exponents x, y, and z were fit using experimental data, and
have the values: A 1 = 0.00269, x = 1.04778, y = 4.43483, z = 0.33485.
4
M is the average atomic mass, v s is the speed of sound, V is the average volume per atom, is the Grüneisen parameter, and n is the number of atoms in the primitive cell. All of the parameters, except for speed of sound and Grüneisen parameter, are easily obtained from structural data associated with the compound. The isotropic speed of sound is approximated from the bulk modulus and the density,
. The bulk modulus can be calculated using the BirchMurnaghan equation of state 69 fitted to the energy-volume dependence computed using DFT or some other total energy method. 30 Miller et al. found a semi-empirical relation for the Grüneisen parameter which depends on the average coordination number per atom (CN) within a material, suggesting that as the atoms become more coordinated the anharmonicity of the material increases, Eq. 3. 4 The Grüneisen fit parameters ( 0 = 7.33688, a = 0.05868, and CN 0 = 2.13647) were found by fitting measured Grüneisen parameters to calculate average coordination numbers. We leave this equation unaltered for most materials, except in cases of very low coordination number, see Sec. .
The previous model of  L has been shown to have an average factor di↵erence less than 2 across four orders of magnitude and has proven highly amenable to the high-throughput search for directionally-agnostic  L .
1,4,30
Direction-dependent speed of sound
In order to describe the lattice thermal conductivity of anisotropic materials and account for the directional dependence of  L , we modify our previous model by replacing the isotropic speed of sound with an anisotropic quantity. We choose to replace only the speed of sound A direction-dependent speed of sound can be calculated from the elastic tensor, C, using the Christo↵el eigenvalue equation, Eq. 4.
61,62,70-73
Here ⇢ is the density of the material, v(ñ) is the magnitude of the speed of sound for a particular mode along the unit vectorñ, C ijkl is a component of the rank-4 elastic tensor, and n k and n l are components of the unit vector corresponding to the direction of propagation.
74
In this equation the eigenvalues are the squares of the three values of speed of sound and the corresponding eigenvectors are the three polarizations: one longitudinal and two transverse.
Given the elastic tensor and the density of a material, we can calculate the three modes of speed of sound for every direction by varying the propagation vector and re-solving Eq.
4. We demonstrate this in Fig. 2 for three test materials: Bi 2 Te 3 , MoS 2 , and AlN. In this figure, we show the three modes of the speed of sound calculated as a function of polar
. The color and radius of each plot correspond to the magnitude along a particular lattice vector. Speeds of sound in these plots are calculated using experimental values of the room temperature elastic tensor components (C ij ) and densities taken from literature.
75-77
The speed of sound varies depending on the anisotropy of the crystal structure. 
Direction-dependent  L model
Given the angular speed of sound, we can now calculate the angular lattice thermal conductivity by replacing the isotropic speed of sound in the original model (Eq. 2) without changing other parameters to preserve the accuracy of the isotropic magnitude while allowing the directional value to vary with the speed of sound. Since each mode contributes separately to the total lattice thermal conductivity,  L (✓, ) is computed as an average of the three modes for any direction (✓, ), hence the overall division by 3 between Eq. 2 and Eq. 5.
The only other change that we make to the model is to put a floor on the calculated Grüneisen parameter (Eq. 3) of 0.5. The reason for this is that the semi-empirical model for the Grüneisen parameter was created using experimental Grüneisen data which ranged from 67 Since the lattice thermal conductivity stems in large part from elastic properties, it is also reasonable to assume that we will find a number of materials which demonstrate large variability in the thermal transport.
In Fig. 5 we show the extent of the anisotropy in  L for both sets of layered compounds (all data can be found in the Supporting Information). In the figure, we plot the range of the anisotropic values (vertical line from min to max) against the isotropic value of  L for ionic (blue) and vdW (orange) layered materials. The two guidelines represent a factor of 3 di↵erence from the isotropic value on either side. In this figure, we see that larger ranges from  L,min to  L,max are possible at higher isotropic values (Fig. 5a ). The average of the L,min and  L,max indicates that materials with low overall  L are approaching the amorphous limit (Fig. 5b) , which is the lowest value that  L can take for any material and is by definition isotropic.
20,30,80
Over the whole range, vdW layered materials tend to demonstrate a larger directional variability in  L than ionic layered materials. In Fig. 6 we plot the distribution of the anisotropy in  L for both sets of materials. We consider any material with  L,max / L,min < 1.5 to be nearly isotropic since the average error in the slope of our model was 1.5. Over layered materials are more tightly bound than vdW layered materials and therefore do not tend to demonstrate large di↵erences between intralayer and interlayer bonding.
67,81-83
Layered materials with low  L For very low values of  L (Fig. 5b) , we find that ionic layered materials produce the lowest values, but that they are nearly isotropic (examples shown in Fig. 7a-c) . In contrast, anisotropic materials which have very low minimum values are typically vdW layered materials (examples in Fig. 7d-f) . A common feature to the materials in Fig. 7a-c Tl 2 Au 4 S 3 could be classified either as vdW layered because the Au-S bonds are significantly shorter than the Tl-S bonds or as ionic layered with Tl acting as the spacer element. Layered materials with such isotropic transport are often where we find ambiguity in classification.
67
In Figs. 7d-f , we show three examples of layered materials with low  L,min which also demonstrate a large amount of anisotropy within  L . In Fig. 7d we show a very unique Table  1 . This again confirms our understanding that as 3D bulk materials approach the lowest limit of  L (i.e. the amorphous limit), they tend to become more isotropic in their thermal transport, coinciding with the fact that an amorphous material must inherently be isotropic.
The second feature that is apparent is the similar chemistry among layered materials with the lowest  L,min . These are all ionic layered materials and nearly all (except for Tl 4 SnS 3 ) has a heavy, highly electropositive cation from group 1 (Cs or Rb), a heavy d-block metal from groups 10-12 (Hg, Au, Pt, Pd), and a similarly electronegative anion (S, Se, I 
confirming that not all layered materials with high  L are highly anisotropic. In figure 8a -d, we highlight several case examples of materials with high thermal conductivity to illustrate the various mechanisms by which high (Fig. 8b-c) demonstrate high, nearly isotropic values for  L , which stems from the tighter bonding inherent in this class of material. Fig. 8d shows a unique vdW layered ternary material, TaOI 2 , which exhibits quasi-1D thermal transport despite being a quasi-2D structure. The 1D transport stems from the asymmetry in the intralayer bonding.
Materials with high  L can potentially be candidates for power electronics. Apart from high thermal conductivity, power electronics require large bandgaps above all else. 103, 104 In 
Conclusion
In this work, we have developed a new semi-empirical model to predict the directiondependent  L . The new model, which is an extension of our prior isotropic  L model, maintains the computationally-tractability of its predecessor without sacrificing prediction accuracy. This model can, therefore, be utilized for rapid prediction of anisotropic  L in high-throughput searches. The robustness of the model can be gauged from the fact that it performs well for both materials with isotropic  L as well as those with highly-anisotropic
We have demonstrated the utility and computationally-tractability of the model in a large-scale study of the  L anisotropy of 2200 layered materials. Our findings challenge the perceived notion that layered materials generally exhibit highly anistropic properties. Surprisingly, we find many vdW and ionic layered materials with nearly isotropic  L . Additionally, we have also revealed layered materials with unique thermal transport behavior, such as those with one-dimensional heat transport channels. With this new model, we can now begin to rapidly assess and identify materials for single-crystal thermal applications, where anisotropy or the lack thereof is a key requirement.
Methods
Structures of all the materials are obtained from the Inorganic Crystal Structure Database (ICSD). 79 We perform structural relaxation and calculation of the elastic tensor using the Vienna Ab-initio Simulation Package (VASP) 113, 114 with projector augmented waves (PAW).
115,116
Ionic layered materials were previously relaxed using the generalized gradient approximation with the Perdew-Burke-Ernzerhof (PBE) 117 exchange-correlation functional, 67 while vdW layered materials were previously relaxed using a vdW-corrected exchange correlation functional (optB86) to correctly account for the long-range vdW interactions. 1, 66, 118, 119 A plane wave cuto↵ energy of 520 eV and a fairly dense -centered k-point grid of 1000 per inverse atom was used. 120 Elastic sti↵ness tensors were calculated with a finite di↵erence method, in which six finite distortions of the lattice are performed and the elastic constants (C ij ) are derived from the stress-strain relationship. 66, 67, 121, 122 Calculations are handled within the python-based, high-throughput framework, PyLada. 
